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Abstract
A spatially uniform vector condensate can be formed during inflation if the vector
boson is coupled to the inflaton through nontrivial kinetic function. The coherent
oscillation of such a massive vector boson is a dark matter candidate. In this paper we
consider the case where the vector boson energy density increases during inflation and
show that the curvature/isocurvature perturbation gives stringent constraint on this
scenario.
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1 Introduction
Very light bosonic dark matter (DM) scenarios recently draw lots of attention [1,2]. Axion-
like particle is the most widely studied scenario in this class of models, but a massive vector
boson is also a plausible DM candidate. One caveat of the vector DM model is that it is a
bit nontrivial to obtain a correct abundance of the present DM compared with the case of
scalar field.
So far several mechanisms to produce a correct amount of vector DM have been pro-
posed: vector boson production through the (pseudo-)scalar coupling [3–6], inflationary
fluctuation [7], gravitational particle production [8], production through the cosmic string
dynamics [9] and coherent oscillation of the vector boson [2, 10–12].
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In this paper we focus on the coherent oscillation scenario of vector boson DM. Ref. [10]
considered a minimal massive vector field, but actually the vector energy density exponen-
tially damps during inflation and this minimal model does not work. Refs. [2,11] considered
a non-minimal vector boson coupling to the Ricci curvature in order to sustain a vector
condensate during inflation, but this introduces a ghost instability of the longitudinal fluctu-
ation [13–16], as pointed out in Ref. [12]. A possible extension without such an instability is
to introduce a kinetic coupling to the inflaton φ through the form of L ∼ f 2(φ)FµνF µν [12].
If the kinetic function f(φ) has a particular time dependence, the vector boson conden-
sate does not decay during inflation and one can sustain a homogeneous vector field. Later
it begins a coherent oscillation and it behaves as non-relativistic matter. Such a scenario
was extensively studied in the context of vector curvaton [17–20]. In Ref. [12] the case of
f 2(φ) ∝ a(t)α with α = −4 or 2, where a(t) denotes the cosmic scale factor, was considered
as an illustration and it was shown that the physical vector field value#1 can remain constant
during inflation for this particular choice. However, there is a priori no reason to choose this
parameter and parameter tuning is required for this scenario to realize.
In this paper we mainly study the case of α < −4 or α > 2. In this case the physical
vector boson field is amplified during inflation. The vector boson energy density grows and
eventually the backreaction of the vector field to the inflaton dynamics becomes important.
It is known that in such a case the background vector boson can support another inflation
regime, called the anisotropic inflation [21–23]. The vector boson energy density is saturated
at some value during the anisotropic inflation and we will consider a possibility that this
vector boson will later become a coherent oscillation DM.
In Sec. 2 we study the dynamics of the inflaton and vector boson of the homogeneous
mode. It is found that the vector boson in this scenario can indeed have a correct abundance
as total DM. In Sec. 3 we discuss constraints on this scenario through the properties of the
curvature and isocurvature perturbation. Actually they give very stringent constraint and
we are left with only a limited possibility as a consistent DM scenario. Sec. 4 is devoted to
conclusions and discussion.
2 Dynamics of vector condensate
We consider the following action for a massive vector boson AM and inflaton φ:
S =
∫
d3xdt
√−g
[
−f
2(φ)
4
FMNFMN − h
2(φ)
2
m2AAMAM −
1
2
∂Mφ ∂
Mφ− V (φ)
]
. (1)
We have introduced kinetic function f(φ) and mass function h(φ), whose functional form
will be given later. Taking account of the effect of the background homogeneous vector field,
whose direction is taken to be x direction without loss of generality, i.e. Ai = (A, 0, 0), the
metric is taken to be the so-called Bianchi type-I form:
ds2 = −dt2 + a2(t) [e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)] , (2)
#1 The “physical” vector field is defined later below Eq. (10).
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where a(t) is the cosmic scale factor and σ(t) represents the anisotropic expansion. For a
while we neglect the anisotropy, i.e. σ = 0, by assuming that the energy density of the vector
field is much smaller than the inflaton. This will be justified later.
It is often useful to rescale the vector field as Aµ = (aA0,Ai) and use the conformal time
dτ = dt/a to obtain the action
S =
∫
dτd3x
[
−f
2
4
ηµρηνσFµνFρσ − a
2h2
2
m2Aη
µνAµAν
]
. (3)
Below we consider the special form of the kinetic function:
f(φ) = exp
(
− γ
2M2P
∫
V
Vφ
dφ
)
, (4)
where Vφ ≡ ∂V/∂φ. A particular example is the chaotic inflation:
f(φ) = exp
(
− γ
4n
φ2
M2P
)
, V (φ) =
λφn
n
. (5)
For the new (hilltop) inflation model, it is given by
f(φ) = exp
(
− γ
4n(n− 2)
vn
M2Pφ
n−2
)
, V (φ) = Λ4
[
1−
(
φ
v
)n]2
. (6)
They lead to the scaling of f 2 ∝ aγ during the standard slow-roll inflation when the effect of
backreaction of the vector field to the inflaton dynamics is negligible. Note also that f ' 1
soon after inflation ends. The case of γ = −4 and 2 have been discussed in Ref. [12]. We
will consider the case of γ < −4 and γ > 2. For the moment we do not assume any specific
functional form of h(φ) except that it soon approaches to h(φ)→ 1 after inflation ends.
2.1 Dynamics during inflation
Let us describe the vector and inflaton dynamics during inflation neglecting the spatial
fluctuation. We follow the analysis given in Refs. [21–23]. The equation of motion is given
by
a
∂
∂t
(
af 2A˙
)
+ a2h2m2AA = 0, (7)
φ¨+ 3Hφ˙+ Vφ − 1
a2
ffφA˙
2 = 0, (8)
where fφ ≡ ∂f/∂φ. The Hubble parameter H = a˙/a is given by
3M2PH
2 = ρφ + ρA, (9)
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with MP being the reduced Planck scale and ρφ the inflaton energy density. The vector
boson energy density ρA is given by
ρA =
1
2a2
(
f 2A˙2 + h2m2AA
2
)
=
1
2

[
A˙+
(
H − f˙
f
)
A
]2
+
h2m2A
f 2
A
2
 , (10)
where we have defined the “physical” vector field as A ≡ fA/a [12].
Let us consider the case where the vector boson mass term can be safely ignored. Then
we immediately obtain
af 2A˙ = const. (11)
Supposing the scaling f 2 ∝ aα with α being a numerical constant, we schematically obtain
A = C1 + C2a
−(1+α), (12)
during inflation where C1 and C2 are constants. As soon explained below, α = γ when the
vector energy density is negligible but α can take different value from γ when the backreaction
is important. The physical field roughly behaves as
A ∝ a(|1+α|−3)/2 =
{
aα/2−1 for 1 + α > 0
a−α/2−2 for 1 + α ≤ 0 . (13)
Note that, although A is increasing for α < −4 and α > 2, the C1 term does not contribute
to the kinetic energy in (10). Since the C1 term is dominant for 1 + α > 0, actually the
energy density is actually decreasing for α > 2. In both cases the vector energy density
scales as ρA ∝ f−2a−4 ∝ a−α−4. Below we consider the case of γ < −4 and γ > 2 separately.
2.1.1 γ < −4
As studied in Ref. [12], ρA remains constant for γ = −4 that ensures the establishment of
the vector boson homogeneous condensate during inflation. On the other hand, it increases
during inflation for γ < −4 and hence eventually the backreaction will become important.
The inflaton equation of motion is written as
φ¨+ 3Hφ˙+ Vφ
(
1 +
γ
2V
ρA
V
)
= 0, (14)
where V ≡ M2P (Vφ/V )2/2 is the slow-roll parameter.#2 Thus it is seen that if the vector
boson energy density satisfies ρA  (2V /|γ|)V , the effect of the vector boson on the inflaton
dynamics is safely neglected. For γ < −4, however, ρA increases during inflation and ρA
will become comparable to (2V /|γ|)V . It is expected that φ will slow down at this stage
#2 Note that H ≡ −H˙/H2 = −(4/γ)V .
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since the parenthesis in the last term of Eq. (14) will approach to zero, which effectively
“flattens” the inflaton potential. Correspondingly the time evolution of the function f(φ)
also changes so that ρA approximately remains constant: f
−2a−4 ∼ const. This requires the
following relation:
φ˙ ' 4HM
2
PVφ
γV
=
4
3γH
Vφ. (15)
In order for this solution to be consistent with slow-roll equation of (14), the energy density
should satisfy
ρA
ρφ
= −2V γ + 4
γ2
≡ RA. (16)
Here ρφ ' V is the inflaton energy density. To summarize, the slow-roll inflaton dynamics
is described by
3Hφ˙ '

−Vφ for ρA
ρφ
 RA,
4
γ
Vφ for
ρA
ρφ
' RA
. (17)
One can see that the potential is effectively flattened by a factor −4/γ due to the vector
backreaction. This second case is a slow-roll inflation supported by the vector field and
it is called the anisotropic inflation because the vector field condensate implies a preferred
direction. Even if the initial vector energy density is negligibly small, it will be exponentially
amplified during inflation and it enters the regime of anisotropic inflation, although still the
vector energy density is much smaller than the inflaton itself at this stage.
Fig. 1 shows the result of numerical solution of the equation of motion of the inflaton (8)
and vector boson (7) for the inflaton potential V = m2φφ
2/2 and γ = −5. Time evolution of
the energy density of the inflaton (ρφ) and vector boson (ρA) normalized by m
2
φM
2
P are shown
in the left panel. We have taken φ = 20MP and A˙ = 10
−4mφMP for (a) and 10−6mφMP for
(b) as initial conditions and the massless limit mA → 0. Time evolution of the ratio ρA/ρφ
compared with RA (16) is shown in the right panel. Parameters are the same as the left
panel. Similarly, Fig. 2 shows the result of numerical calculation for the new inflation model
(6) with n = 6. We have taken γ = −5, v = MP , φ = 0.3φend and A = 10−6MP for (a)
and 10−8MP for (b) as initial condition. Here φend denotes the inflaton field value at which
inflation ends: 2n(n− 1)(φend/v)n−2 = v2/M2P . In both cases it is clearly seen that the ratio
ρA/ρφ approaches to the value given by RA (16) independently of the initial condition.
Note that in the calculation performed for these figures the anisotropic inflation regime
does not last for very long time, but it is an artifact of the choice of the initial condition.
If, for example, the calculation starts from much larger (smaller) inflaton field value for the
chaotic (new) inflation model, the vector boson density is saturated at much earlier time
and the anisotropic inflation lasts for much longer time (say, much longer than 60 e-folds).
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Figure 1: Numerical results for chaotic inflation model (5) with n = 2. (Left) Time evolution
of the energy density of the inflaton (ρφ) and vector boson (ρA) normalized by m
2
φM
2
P . We
have taken γ = −5 and A˙ = 10−4mφMP for (a) and 10−6mφMP for (b) as initial condition.
(Right) Time evolution of the ratio ρA/ρφ compared with RA. Parameters are the same as
the left panel.
We do not go into details of the problem of initial condition since it is related with the
dynamics before the “observable” inflation happens and just treat the initial condition as
free parameters.#3
So far we have ignored the anisotropic expansion. The equation for Σ ≡ σ˙ is given by
Σ˙ + 3HΣ =
2ρA
3M2P
. (18)
It is expected that Σ converges to a nearly constant value
Σ
H
' 2ρA
3ρφ
= −4V
3
γ + 4
γ2
=
H
3
γ + 4
γ
. (19)
It is suppressed by the slow-roll parameter H . Therefore the homogeneous dynamics is not
much affected by the inclusion of the anisotropic expansion.
2.1.2 γ > 2
In this case, as far as the vector boson mass mA is negligible, the vector energy density ρA
(or its kinetic part) decreases as ρA ∝ a−γ−2 during inflation and hence it rapidly approaches
to zero, while the A increases as A ∝ aγ/2−1. Since ρA is negligible, there is no backreaction
of the vector field to the inflaton and the anisotropic inflation does not occur.
#3 It is possible that the long wavelength vector perturbation accumulates to constitute a “homogeneous”
mode if the total duration of inflation is long enough [25,26].
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Figure 2: Numerical results for new inflation model (6) with n = 6. (Left) Time evolution
of the energy density of the inflaton (ρφ) and vector boson (ρA) normalized by Λ
4. We have
taken γ = −5 and A = 10−6MP for (a) and 10−8MP for (b) as initial condition. (Right)
Time evolution of the ratio ρA/ρφ compared with RA. Parameters are the same as the left
panel.
On the other hand, the condition that the vector boson mass is negligible is written as
hmA/f  Hinf at least during the last 60 e-foldings of inflation. For h = 1 for example, it
gives a constraint on the vector boson mass as
mA  e−30γHinf ∼ 10−13γHinf . (20)
Then the vector boson energy density at the end of inflation is bounded as
ρA
ρφ
∣∣∣∣
τend
 10−26γ. (21)
If the total duration of inflation is much longer than 60 e-foldings, the constraint becomes
much more stringent. If this condition is violated, the vector boson mass would make rapid
decay of the amplitude A during inflation.
Another choice is h(φ) = f(φ). In this case, the only requirement is mA  Hinf . Thus
the upper bound on the vector energy density at the end of inflation is just
ρA
ρφ
∣∣∣∣
τend
' m
2
AA
2
6H2infM
2
P

(
A
MP
)2
. (22)
Fig. 3 shows the time evolution of the energy density of the inflaton (ρφ) and vector
boson (ρA) for γ = 5/2 and h(φ) = f(φ) for chaotic inflation model (5) with n = 2 (left)
and new inflation model (6) with n = 6 (right). The vector boson mass is taken to be
mA = 10
−5Hinf (left) and mA = 10−3Hinf (right). As initial condition, we have taken
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Figure 3: Time evolution of the energy density of the inflaton (ρφ) and vector boson (ρA) for
γ = 5/2 and h(φ) = f(φ) for chaotic inflation model (5) with n = 2 (left) and new inflation
model (6) with n = 6 (right). The vector boson mass is taken to be mA = 10
−5Hinf (left)
and mA = 10
−3Hinf (right). As initial condition, we have taken A = 10−4MP , φ = 15MP
(left) and φ = 0.4φend (right).
A = 10−4MP , φ = 15MP (left) and φ = 0.4φend (right). It is seen that first ρA decreases
exponentially but later the mass term begins to dominate and it increases until the end of
inflation.
2.2 Dynamics after inflation
After inflation ends, the kinetic function and mass function is taken to be f ' h ' 1.
The inflaton coherent oscillation behaves as non-relativistic matter until the reheating is
completed at H = Γφ where Γφ denotes the inflaton decay width. After the completion of
reheating, the radiation-dominated universe begins. This thermal history is described by the
equation of state parameter w, which takes w = 0 (1/3) for the matter (radiation)-dominated
era.
The equation of motion of the vector field A ≡ fA/a is given by
A¨+ 3HA˙+
(
m2A +
1− 3w
2
H2
)
A = 0. (23)
For H  mA, we find the solution to this equation as
A = d1a
−1 + d2a(3w−1)/2, (24)
with d1 and d2 being some constants. Notice that the d1 term corresponds to the solution
A = const. It is consistent with the solution during inflation for γ > 2, which corresponds to
the C1 term in (12) during inflation. For γ < −4, on the other hand, the d2 term solution
applies. Below we consider the case of γ < −4 and γ > 2.
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2.2.1 γ < −4
For γ < −4, taking the d2 term in (24), we obtain A ∝ a−1/2 for w = 0 and A ∝ a0 for
w = 1/3, which means ρA ∝ a−4 for both cases. This behavior is seen in Figs. 1 and 2. On
the other hand, for H  mA, the equation is the same as the minimal scalar field: it begins
coherent oscillation at H ∼ mA and behaves as non-relativistic matter thereafter. Hence we
have ρA ∝ a−3 for H  mA and it is a candidate of DM.
Keeping this in mind, we can now evaluate the vector DM abundance. First we consider
the case of Γφ > mA. In this case the final energy density to the entropy density (s) ratio is
evaluated as
ρA
s
=
(
ρA
ρφ
)
H=Γφ
(ρφ
s
)
H=mA
=
3RA
4
(
90
pi2g∗
)1/4(
Γφ
Hinf
)2/3√
mAMP , (25)
where ρφ collectively denotes the inflaton energy density or the radiation energy density
produced by the inflaton decay. For the other case Γφ < mA, we have
ρA
s
=
(
ρA
ρφ
)
H=mA
(ρφ
s
)
H=Γφ
=
3RA
4
(
mA
Hinf
)2/3
TR, (26)
with TR being the reheating temperature. Numerically they are summarized as
ρA
s
'

3.7× 10−10 GeV
(
RA
0.1
)( mA
10−8 GeV
)1/2(1014 GeV
Hinf
)2/3(
TR
106 GeV
)4/3
for mA < Γφ
3.5× 10−10 GeV
(
RA
0.1
)( mA
1 GeV
)2/3(1014 GeV
Hinf
)2/3(
TR
10 GeV
)
for mA > Γφ
.
(27)
It is consistent with the observed DM abundance (' 4 × 10−10 GeV in terms of the energy
to entropy density ratio) for wide parameter ranges.
2.2.2 γ > 2
For γ > 2, the vector energy density at the end of inflation is bounded as (21). After
inflation, the vector energy density scales as ρA ' m2AA
2
/2 ∝ a−2. For h = 1, for example,
assuming the limit of instant reheating, i.e., the radiation dominated universe starts just
after inflation, the final vector boson abundance is evaluated as
ρA
s
 10−26γHinfM
1/2
P
m
1/2
A
. 10−13 GeV
(
10−22 eV
mA
)1/2(
Hinf
1014 GeV
)
, (28)
where we have taken γ = 2 when evaluating the most right hand side. If the reheating is
delayed, there is a further suppression factor of (Γφ/Hinf)
1/3. Since the DM should be heavier
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than ∼ 10−22 eV from the galactic structure [24], we conclude that it cannot explain total
DM abundance as far as the standard thermal history is assumed in the early universe. It
may be possible that the universe enters the kination regime before the completion of the
reheating. In such a case the DM abundance can be enhanced, but we do not pursue this
possibility in this paper.
For another choice h(φ) = f(φ), as mentioned in Sec. 2.1.2, there is no strong suppression
for the vector energy density at the end of inflation. The physical field A increases as
A ∝ a(γ−2)/2 during inflation and one can take Aend ≡ A(τend) as a free parameter in this
case. Taking the scaling ρA ∝ a−2 after inflation until H ∼ mA, as mentioned above and
actually seen in Fig. 3, the final abundance is
ρA
s
' 1
8
(
90
pi2g∗
)1/4(
Aend
MP
)2(
Γφ
Hinf
)4/3(
mA
Γφ
)√
mAMP , (29)
for mA < Γφ, and
ρA
s
' TR
8
(
Aend
MP
)2(
mA
Hinf
)4/3
, (30)
for mA > Γφ. Numerically we have
ρA
s
'

2.5× 10−11 GeV
(
TR
109 GeV
)2/3 ( mA
1 GeV
)3/2(1014 GeV
Hinf
)4/3(
Aend
MP
)2
for mA < Γφ
1.3× 10−10 GeV
(
TR
107 GeV
)( mA
102 GeV
)4/3(1014 GeV
Hinf
)4/3(
Aend
MP
)2
for mA > Γφ
.
(31)
It is possible to have a correct vector DM abundance in this case.
3 Constraint from curvature and isocurvature pertur-
bation
We have considered the dynamics of homogeneous mode of the vector boson in the previ-
ous section. Let us consider fluctuation of the inflaton and vector boson generated during
inflation and its observational consequences.
As shown in the previous section, when the vector energy density is negligible, the stan-
dard slow-roll inflation driven by just an inflaton field happens. We call this as “isotropic”
regime. Then the vector boson backreaction to the inflaton becomes important if γ < −4
and the anisotropic inflation regime follows. The e-folding number of the anisotropic regime,
Nani, depends on the initial condition. If Nani & 60 fluctuations of all the observable scale
must arise during the anisotropic inflation, while if Nani . 60 the large scale fluctuations in
the present universe may arise from the isotropic regime and only the small scale fluctuations
may be affected by the anisotropic inflation. Thus we consider three cases for γ < −4:
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• (i) There is no anisotropic inflation regime (Nani = 0).
• (ii) Anisotropic inflation regime is not long enough (0 < Nani . 60).
• (iii) Anisotropic inflation regime lasts long enough (Nani & 60).
We note that there is only the case (i) for γ > 2. We also assume that h = 1 for γ < −4
and h = f for γ > 2.
3.1 Isocurvature perturbation
It is convenient to move to the Fourier space and decompose the vector fluctuation into the
transverse and longitudinal mode:
δ ~A(~x) =
∫
d3k
(2pi)3
δ ~A(~k)ei
~k·~x =
∫
d3k
(2pi)3
(
~AT (~k) + kˆAL(~k)
)
ei
~k·~x. (32)
where the transverse mode satisfies ~k · ~AT = 0 and kˆ ≡ ~k/|~k|. The action, in terms of
~AfT ≡ f ~AT and AgL ≡ gAL with g ≡ f
√
a2h2m2A/(a
2h2m2A + f
2k2), is written as
S = ST + SL, (33)
ST =
∫
d3kdτ
(2pi)3
1
2
[∣∣∣ ~Af ′T (k)∣∣∣2 − (k2 + a2h2m2Af 2 − f ′′f
) ∣∣∣ ~AfT (k)∣∣∣2] , (34)
SL =
∫
d3kdτ
(2pi)3
1
2
[∣∣Ag′L(k)∣∣2 − (k2 + a2h2m2Af 2 − g′′g
)
|AgL(k)|2
]
. (35)
The vector boson power spectrum is expressed as〈
δAi(~k)δA
∗
j(
~k′)
〉
=
2pi2a2
k3
[
PT (k)(δij − kˆikˆj) + PL(k)kˆikˆj
]
(2pi)3δ(~k − ~k′), (36)
where PT (k) and PL(k) are the transverse and longitudinal power spectrum, respectively,
which we will evaluate below. They are quantized by using the creation and annihilation
operator as
~AfT (
~k, τ) =
∑
λ=±
[
A˜fT (
~k, τ)~λa
T
λ,~k
+ A˜f∗T (~k, τ)~
∗
λa
T †
λ,−~k
]
, (37)
AgL(
~k, τ) = A˜gL(
~k, τ)aL~k + A˜
g∗
L (
~k, τ)aL†−~k, (38)
where the polarization vector satisfies ~∗λ · ~λ′ = δλλ′ and also
∑
λ 
λ
i 
λ∗
j = δij − kˆikˆj. The cre-
ation and annihilation operator satisfy the commutation relation
[
aT
λ,~k
, aT †
λ′,~k′
]
= (2pi)3δλλ′δ(~k−
~k′) and so on. In order to evaluate PT (k) and PL(k), we must now the time evolution of
transverse and longitudinal fluctuation throughout the history of the universe. Details are
summarized in App. A. A short conclusion is that the transverse fluctuation is dominant for
α ≤ −4 and h = 1 and the longitudinal one is dominant for α ≥ 2 and h = f . Below we
study the isocurvatrue perturbation in each case.
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3.1.1 Transverse mode (γ ≤ −4)
The equation of motion of the transverse mode during inflation is given by
A˜f ′′T (k) +
(
k2 +
a2h2m2A
f 2
− α(2 + α)
4
H2
)
A˜fT (k) = 0. (39)
where we substituted f 2 ∝ aα. As explained in Sec. 2.1, for γ < −4, the standard slow-
roll inflation happens when the vector boson energy density is negligible and in this regime
we have α = γ. However, the inflationary universe will eventually enter the regime of
anisotropic inflation supported by the vector condensate and in this regime we have α = −4
independently of the value of α. Let us define τani as the conformal time when the anisotropic
inflation regime starts. We have
α =
{
γ for τ < τani
−4 for τ > τani
. (40)
Thus the property of fluctuations of the observable scale depends on whether the present
cosmological scale, k−10 , is longer or shorter than |τani|.
Neglecting the mass term, i.e., assuming hmA/f  Hinf , the solution to this equation is
given by
A˜T (k, τ) = e
i(2ν+1)pi
4
1√
2k
√
−pikτ
2
H(1)ν (−kτ), ν ≡
|1 + α|
2
, (41)
where H
(1)
ν (x) is the Hankel function of the first kind. The limiting form in the subhorizon
and superhorizon limit are given by
A˜fT (k, τ) '

1√
2k
e−ikτ for k/a Hinf
e
i(2ν−1)pi
4
aHinf√
2k3/2
Γ(ν)
Γ(3/2)
(
2
−kτ
)ν−3/2
for k/a Hinf
. (42)
Actually we have chosen the overall coefficient so that the mode function coincides with the
Minkowski form in the short wavelength limit. Thus it evolves as aν−1/2 after the horizon
exit. The “physical” field AT = A˜
f
T/a evolves as a
ν−3/2. It is the same scaling as that of the
homogeneous mode A (13), as expected.
The transverse power spectrum after inflation is defined as〈
~AT (k) · ~A∗T (k′)
〉
=
4pi2a2
k3
PT (k)(2pi)3δ(~k − ~k′). (43)
Now we evaluate it at the end of inflation. The shape of the spectrum depends on the case
(i)–(iii). First, for the case (i) all the cosmologically relevant scales correspond to the modes
that exit the horizon during the standard slow-roll inflation. Thus
PT (k) =
(
Hinf
2pi
)2(
Γ(ν)
Γ(3/2)
)2(
2aHinf
k
)2ν−3
. (44)
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Therefore, for ν > 3/2 (α < −4), the spectrum is red tilted. For the case (ii), large scale
fluctuations k < kani experience both the standard slow-roll inflation and anisotropic inflation
regime. Thus
PT (k) =

(
Hinf
2pi
)2(
Γ(ν)
Γ(3/2)
)2(
2aaniHinf
k
)2ν−3
for k < kani(
Hinf
2pi
)2
for k > kani
. (45)
For the case (iii), all the cosmologically relevant scales correspond to the modes that exit
the horizon during the anisotropic inflation at which ν = 3/2, hence
PT (k) =
(
Hinf
2pi
)2
. (46)
The typical magnitude of the fluctuation with a comoving wavenumber k is given by
√PT (k).
The isocurvature perturbation of the vector field is then given by
√
PS(k) = δρA(k)
ρA
∣∣∣∣
H=mA
' 2
√PT (k)
A
∣∣∣∣∣
a=aend
' Hinf
piAi
, (47)
where in the most right hand side we have defined Ai through Ai = Aende
−Nst(α+4)/2. Here
Nst denotes the e-folding number of the standard slow-roll inflation in the last 60 e-foldings,
which satisfies Nst + Nani ' 60. For the case (i) we have Nst ' 60 while for the case (iii)
we have Nst = 0 and the case (ii) lies between these two. Since the time evolution of the
transverse mode in the superhorizon limit is the same as the homogeneous one the final
isocurvature perturbation can be evaluated at a = aend. The observational constraint is√PS(k) . 9× 10−6 at the present cosmological scale [27].
3.1.2 Longitudinal mode (γ ≥ 2)
The evolution of longitudinal fluctuation for H > hmA/f is nontrivial in contrast to the
transverse one. It is summarized in App. A. We should evaluate A˜L(k) at H = mA (note
that h = f = 1 after inflation), after which the superhorizon evolution becomes the same as
the homogeneous mode.
We focus on the case of γ ≥ 2 and h = f since only in this case the longitudinal fluctuation
is relevant, as shown in App. A. From Eq. (95), the longitudinal power spectrum at H = mA
or a = a∗ is given by
PL(k) '
(
Hinf
2pi
)2(
k
a∗hkmA
)2
'
(
Hinf
2pi
)2(
k
a∗mA
)2(
aendHinf
k
)α
. (48)
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On the other hand, the homogeneous mode A at H = mA is evaluated as
A(H = mA) ' Aend
(
aend
a∗
)
' Ai
(
aend
ai
)α−2
2
(
aend
a∗
)
, (49)
where ai is the scale factor at the initial time, which should be at least 60 e-foldings before
the end of inflation. Thus the isocurvature perturbation is
√
PS(k) ' 2
√PL(k)
A
∣∣∣∣∣
H=mA
' Hinf
piAi
(
k
aimA
)(
aiHinf
k
)α/2
. Hinf
piAi
Hinf
mA
, (50)
where in the last inequality we used ai < ak = k/Hinf .
3.2 Curvature perturbation
Here we briefly describe the statistical anisotropy in the curvature perturbation. Since there
is a vector background during inflation, it can affect the statistical properties of the curvature
perturbation. In particular, the power spectrum of the curvature perturbation may have the
following quadrupolar asymmetric form:
Pζ(~k) = P0ζ (k)
[
1 + g∗ sin2 θk
]
, (51)
where P0ζ (k) is the isotropic part of the dimensionless curvature perturbation power spec-
trum, normalized as P0ζ (k) ' 2.1 × 10−9 at the present horizon scale [27], θk is the angle
between the wave vector ~k and the preferred direction and g∗ represents the magnitude of the
statistical anisotropy. The observational constraint on this type of quadrupolar asymmetry
is |g∗| . 10−2 [27]. There are several effects that generates nonzero g∗ as extensively studied
in e.g. Refs. [23, 25]. The dominant effect comes from the inflaton-vector boson interaction
in the Lagrangian after expanding f ' fφδφ and ~A = ~A0 + ~δA around the homogeneous
background, which gives the additional contribution to the inflaton 2-point function [23,25].
Neglecting the interaction with the vector boson, the zeroth order solution for ζ during
inflation is
ζ0(~k, τ) = ζ˜~k(τ)a~k + ζ˜
∗
~k
(τ)a†−~k, (52)
ζ˜~k(τ) =
Hinf√
2MP
1 + ikτ√
2k3
e−ikτ ,
[
a~k, a
†
~k′
]
= (2pi)3δ(~k − ~k′). (53)
Note that ζ˜~k = ζ˜−~k. The power spectrum at the zeroth order is given by〈
ζ0(~k, τ)ζ0∗(~k′, τ)
〉
=
1
2M2P
H2inf
2k3
(2pi)3δ(~k − ~k′) = 2pi
2
k3
P0ζ (k)(2pi)3δ(~k − ~k′), (54)
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where P0ζ = H2inf/(8pi2M2P ).#4 The unequal time correlator is given by[
ζ0(~k, τ), ζ0(~k′, τ ′)
]
= − iH
2
inf
6M2P
(τ 3 − τ ′3)(2pi)3δ(~k + ~k′). (55)
for the superhorizon limit −kτ → 0.
In the spatially flat gauge, the curvature perturbation is given by ζ = −Hδφ/φ˙ =
δφ/(
√
2MP ). The interaction action is then obtained as
Sint =
∫
dτd3k
(2pi)3
[
−γEfxδEfx (~k)ζ(−~k)− γha2m2AAfxδAfx(~k)ζ(−~k)
]
≡ −
∫
dτ Hint, (56)
where we defined γh = 0 for h = 1 and γh = γ for h = f , ~E
f = −f ~A′ and we have
taken ~A0 = (Ax, 0, 0) without loss of generality. Due to this interaction term, anisotropic
curvature perturbation power spectrum appears at the level of second order perturbation
in the Hamiltonian Hint. We use the in-in formalism to calculate the two point function〈
ζ(~k, τ)ζ(~k′, τ)
〉
at the end of inflation τ = τend:〈
ζ(~k, τ)ζ(~k′, τ)
〉
2nd
= −
∫ τ
τi
dτ1
∫ τ
τi
dτ2
〈[[
ζ0k(τ)ζ
0
k′(τ),Hint(τ1)
]
,Hint(τ2)
]〉
(57)
For γ ≤ −4 and h = 1 the first term in (56) is important to evaluate the two point function,
while for γ ≥ 2 and h = f the first term is irrelevant since ~Ef = 0 and the second term
becomes important.
3.2.1 γ ≤ −4
First let us consider the case of γ ≤ −4 and h = 1. After some computation, using the
correlator (55), we find〈
ζ(~k, τ)ζ(~k′, τ)
〉
2nd
'
(
γ(α + 1)H2inf
6M2P
)2
sin2 θk(2pi)
3δ(~k + ~k′)
×
∫ τ
τi
dτ1
∫ τ
τi
dτ2
τ 3 − τ 31
τ1
τ 3 − τ 32
τ2
Efx (τ1)E
f
x (τ2)A˜
f
T (k, τ1)A˜
f
T (k
′, τ2).
(58)
where we used 1− kˆ2x = sin2 θk with θk being the angle between the background vector field
direction ~A and the wave vector ~k. Note that δ ~Ef = f ~A′T ' (α + 1) ~AfT/τ since A′L ' 0
as explained in App. A. Thus it gives the anisotropic power spectrum of the form (51). By
using the solution (41), the statistical anisotropy parameter g∗ is calculated as
g∗ ' γ
2(α + 1)4
18M2P
(
Γ(ν)
Γ(3/2)
)2 (
HinfA
f (τ)
)2 k4+α
(−2τ)2+α I(τ), (59)
#4 In the anisotropic inflation regime, this  should be regarded as  = 16V /γ
2.
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where
I(τ) ≡
[∫ τ
τi
dτ1 τ
α+3
1
]2
=

log2(τ/τi) for α = −4(
τα+4
α + 4
)2
for α < −4 . (60)
Thus, for a particular case of α = −4, we have
|g∗| = 48ρA(τ)
ρφ(τ)
log2
(
τ
τi
)
& 48ρA(τ)
ρφ(τ)
N2(k), (61)
which reproduces the result of Ref. [25] where N(k) represents the e-folding number of the
inflation after the observable scale k exit the horizon. For α < −4, we have
|g∗| = γ
2(α + 1)2
3 · 2α+4(α + 4)2
(
Γ(ν)
Γ(3/2)
)2
ρA(τ)
ρφ(τ)
(kτ)α+4 & C ρA(τ)
ρφ(τ)
e−(α+4)N(k), (62)
where C collectively represents a numerical factor, which is at least O(10) for reasonable
value of γ. The energy density is given as ρA(τ) ' (α + 1)2(HinfAf )2/(2a2). Recall that
the value of α can change from γ to −4 when the anisotropic inflation happens (case (ii)
described in the beginning of this section). In such a case N(k) should be regarded as an
e-folding number of the standard slow-roll inflation, Nst ' 60−Nani.
3.2.2 γ ≥ 2
Next we consider the case of γ ≥ 2 and h = f . As already mentioned, the second term of
(56) gives dominant contribution to the anisotropic power spectrum. The computation is
parallel to the previous case of γ ≤ −4, except that the longitudinal fluctuation gives the
dominant contribution in this case.#5 Noting AfL(τ) ∼ (Hinf/mA)AfT (τ) at τ = τend, the
result is
|g∗| ∼

48ρA(τ)
ρφ(τ)
N2(k) for α = 2
C ρA(τ)
ρφ(τ)
e(α−2)N(k) for α > 2
. (63)
Note that ρA(τ) ' (mAAf )2/(2a2) in this case. Thus the statistical anisotropy can be
suppressed compared with the previous case.
#5 Thus the power spectrum has of the dependence of (kˆx)
2 = cos2 θk = 1− sin2 θk and hence the sign of
g∗ may be flipped in this case.
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3.3 Constraint
Now we are going to discuss constraint on the vector DM scenario from the isocurvature
perturbation. First we consider γ < −4. In this case the isocurvature perturbation is given
by (47) while the statistical anisotropy parameter is given by (62). Combining them we
obtain
|g∗| ∼ C
P0ζ
PS e
−2(α+4)Nst . (64)
Taking account of the constraint on the isocurvature perturbation, |g∗| must be much larger
than one and it clearly contradicts with the observational constraint. For γ = −4, the factor
e−2(α+4)Nst should be replaced with (Nst +Nani)2 ∼ 3600 and this case is also excluded.#6
For γ > 2, an important difference from the γ < −4 case is that the energy density of
the vector homogeneous background can be extremely small: ρA ' m2AA
2
/2 for h = f , since
the kinetic energy vanishes for the C1 solution in (12). Therefore, the statistical anisotropy
(63) can be suppressed. On the other hand, the longitudinal fluctuation contributes to
the isocurvature perturbation (50) and it gives stringent constraint on this scenario. The
statistical anisotropy parameter (63) is rewritten as
|g∗| ∼ C
P0ζ
PS e
2(α−2)N(k). (65)
The expression is similar to the previous case and it is clearly too large once we impose the
isocurvature constraint. For γ = 2, the factor e2(α−2)N(k) should be replaced with N2(k) ∼
3600 and this case is also excluded. The reason that these two constraints (isocurvature
and statistically anisotropic curvature perturbation) are complementary is that the inflaton-
vector coupling is enhanced by 1/ in order to realize the scaling f ∝ aα/2. To suppress the
isocurvature perturbation one requires small Hinf , which makes the 1/ coupling stronger
and the statistical anisotropy becomes larger.
A loophole is that the inflaton may not responsible for the observed curvature pertur-
bation. In the curvaton scenario, the observed curvature perturbation is originated from
the other scalar field fluctuation than the inflaton, called the curvaton [28–30]. In this case
P0ζ appearing e.g. in Eq. (64) or (65) should be interpreted as the sub-dominant inflaton
contribution to the curvature perturbation, and it can take much smaller value than the
observed value. In such a case the constraint from the statistical anisotropy may be avoided.
4 Conclusions and discussion
In this paper we studied scenario for vector coherent oscillation DM with the action given by
(1). The homogeneous vector condensate can be formed for γ ≤ −4 or γ ≥ 2. The particular
#6 In Ref. [12] constraint from the statistical anisotropy of the curvature perturbation was not taken into
account.
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case of γ = −4 and 2 was studied in Ref. [12] and in this paper we mainly considered γ < −4
and γ > 2.
For γ < −4, the vector condensate energy density increases during inflation and eventu-
ally the backreaction becomes important and the so-called anisotropic inflation occurs [21–
23]. It is indeed possible that the vector condensate will become a coherent oscillation and
its abundance is consistent with the observed DM abundance. However, it is found that
the combination of constraints from DM isocurvature fluctuation and also the statistical
anisotropy of the curvature perturbation almost exclude vector coherent oscillation DM sce-
nario. For γ > 2, the vector abundance crucially depends on the form of the mass function
h in (1). For the simplest case h = 1 the vector coherent oscillation abundance is too low to
explain total DM. For h = f , the vector coherent oscillation can be total DM. However, the
combination of constraints from DM isocurvature fluctuation and the statistical anisotropy
of the curvature perturbation also exclude this scenario.
A possible loophole is that the inflaton is not responsible for the observed curvature
perturbation and the curvaton explains the curvature perturbation, or thermal history after
inflation has an epoch of non-standard equation of state such as kination regime. As another
possibility we may consider the Higgs mechanism instead of the Stuckelberg mechanism
to generate the vector boson mass mA. It is possible that the Higgs is stabilized at the
symmetric phase during inflation so that there is no development of longitudinal fluctuation
and the symmetry breaking occurs after inflation. For γ ≥ 2, the problematic isocurvature
perturbation may be avoided in such a case, although there are extra contributions to the
vector abundance from the Higgs decay or the cosmic string dynamics.
To summarize, the vector coherent oscillation DM is severely restricted from cosmological
observation and some additional modifications are required to make this scenario viable. If
it constitutes the present DM, it may be detectable by experiments proposed so far [31–42]
through the (small) kinetic mixing between the vector boson and the Standard Model photon.
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A Time evolution
In this Appendix we summarize time evolution of the homogeneous mode, transverse mode
and longitudinal mode.
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A.1 Homogeneous mode
The homogeneous equation is
0 = f 2 ~A′′ + 2ff ′ ~A′ + a2h2m2A ~A (66)
= ~Af ′′ +
(
a2h2m2A
f 2
− f
′′
f
)
~Af , (67)
where Af ≡ fA. Note that
f ′′
f
=
α(α− 1− 3w)
4
H2, (68)
where w is the equation-of-state parameter of the universe: w = −1 for the de Sitter universe,
w = 0 (w = 1/3) for the matter (radiation) dominated universe.
The solution during inflation is,
A ∝ c1 + c2a−(α+1), (69)
Af ∝ c1aα/2 + c2a−(α+2)/2, A ∝ c1a(α−2)/2 + c2a−(α+4)/2. (70)
where A = Af/a is the “physical” vector field. The solution after inflation is
A = Af ∝ d1 + d2τ ∝ d1 + d2a(3w+1)/2, (71)
A ∝ d1a−1 + d2a(3w−1)/2. (72)
For α ≤ −4 the d2-term solution applies and for α ≥ 2 the d1-term solution applies.
A.2 Transverse mode
The equation of the transverse mode, A˜fT ≡ fA˜T , is
0 = A˜f ′′T (~k) +
(
k2 +
a2h2m2A
f 2
− f
′′
f
)
A˜fT (
~k). (73)
It satisfies the same equation as the homogeneous mode Af for k/a H. Thus the solution
during inflation is
A˜fT ∝ c1aα/2 + c2a−(α+2)/2, (74)
A˜T ∝ c1 + c2a−(α+1). (75)
The solution after inflation is
A˜T = A˜
f
T ∝ d1 + d2τ ∝ d1 + d2a(3w+1)/2. (76)
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As noted above, for α ≤ −4 the d2-term solution applies and for α ≥ 2 the d1-term solution
applies.
By using these solutions and the Bunch-Davies initial condition (41), A˜T (k) at H = mA
or a = a∗ is evaluated as follows. For α ≤ −4 and h = 1, it is given by
A˜T (k,H = mA) ∼ 1√
2k
(
aend
ak
)−α+2
2
(
a∗
aend
) 3w+1
2
=
a∗Hinf√
2k3/2
(
aendHinf
k
)−α+4
2
(
a∗
aend
) 3w−1
2
,
(77)
where ak = k/Hinf denotes the scale factor at the horizon exit during inflation.
#7 For α > 2
and h = f , on the other hand, A˜T (k) (not A˜
f
T (k)) remains constant in the superhorizon
regime and hence it is evaluated at a = ak, i.e., at the horizon exit during inflation. Thus
we have
A˜T (k,H = mA) ∼ 1√
2k
1
f(a = ak)
=
a∗Hinf√
2k3/2
(
aendHinf
k
)α−2
2
(
aend
a∗
)
. (78)
A.3 Longitudinal mode
The equation of motion of the longitudinal mode A˜gL ≡ gA˜L is
0 = A˜g′′L (~k) +
(
k2 +
a2h2m2A
f 2
− g
′′
g
)
A˜gL(
~k), (79)
where
g = f
√
a2h2m2A
a2h2m2A + f
2k2
'
{
ahmA/k for fk  ahmA
f for fk  ahmA
(80)
A.3.1 During inflation
For h = 1, during inflation, we have
g′′
g
=
f ′′
f
+
2− α
4
f 2k2 [(4 + α)f 2k2 + 2(2α− 1)a2m2A]
(f 2k2 + a2m2A)
2
H2 (81)
=
8f 4k4 − 2(α2 − 7α + 2)f 2k2a2m2A + α(α + 2)a4m4A
4(f 2k2 + a2m2A)
2
H2 (82)
'
2H
2 for fk  amA
α(α + 2)
4
H2 for fk  amA
. (83)
#7 Note that α as well as w may not be constant: as explained in Sec. 2, the value of α can change when
the anisotropic inflation happens. In the reheating phase w also changes from some value (assumed to be 0
in the most part of this paper) to w = 1/3. Eq. (77) should be understood as a shorthand notation and it
implicitly includes such an effect.
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Thus
A˜gL ∝
{
c1a
1 + c2a
−2 for fk  amA
c′1a
α/2 + c′2a
−(α+2)/2 for fk  amA
(84)
In term of the original basis, it is equivalent to
A˜L ∝
{
c1 + c2a
−3 for fk  amA
c′1 + c
′
2a
−(α+1) for fk  amA
(85)
As noted in Ref. [12], for α = −4, the initial growing solution (c1 term) connects to the final
decaying solution (c′1 term). We confirmed the same behavior numerically also for α < −4.
Note that the initial evolution, A˜gL ∝ a, is slower than A˜fT , for α < −4 and α > 2.
For h = f , during inflation, we have
g′′
g
=
(α + 2)(α + 4)k4 + 2(α2 + 4α− 2)k2a2m2A + α(α + 2)a4m4A
4(k2 + a2m2A)
2
H2 (86)
'

(α + 2)(α + 4)
4
H2 for k  amA
α(α + 2)
4
H2 for k  amA
(87)
Thus
A˜gL ∝
{
c1a
(α+2)/2 + c2a
−(α+4)/2 for k  amA
c′1a
α/2 + c′2a
−(α+2)/2 for k  amA
(88)
In term of the original basis, it is equivalent to
A˜L ∝
{
c1 + c2a
−(α+3) for k  amA
c′1 + c
′
2a
−(α+1) for k  amA
. (89)
Since we only consider α ≥ 2 for h = f , we have the initial c1 solution and it connects to
the c′1 solution. We also numerically checked it. After all, A˜L remains constant for all the
cases of our interest.
A.3.2 After inflation
After inflation f = h = 1 and
g =
√
a2m2A
k2 + a2m2A
'
{
amA/k for k  amA
1 for k  amA
(90)
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Thus
g′′
g
=
(1− 3w)k4 − (5 + 3w)k2a2m2A
2(k2 + a2m2A)
2
H2 (91)
'

1− 3w
2
H2 = a
2R
6
for k  amA
−5 + 3w
2
k2
a2m2A
H2 for k  amA
. (92)
The solution is
A˜gL ∝
{
d1a+ d2a
(3w−1)/2 for k  amA
d′1 + d
′
2a
(1+3w)/2 for k  amA
(93)
Therefore A˜L = A˜
f
L = A˜
g
L/g evolves as
A˜L = A˜
f
L ∝
{
d1 + d2a
3(w−1)/2 for k  amA
d′1 + d
′
2a
(1+3w)/2 for k  amA
(94)
We numerically check that, starting from the d1 solution (growing) solution as an initial
condition, it connects to the d′1 solution both for w = 0 and w = 1/3, even though apparently
the d′2 solution seems to become dominant.
Combining the solutions during and after inflation, we conclude that A˜L(k) (not A˜
g
L(k))
for the superhorizon mode remains constant until H = mA for all the cases of our interest.
It means that A˜L(k) at H = mA is the same as A˜L(k) at a = ak = k/Hinf , i.e., at the horizon
exit during inflation. Thus we have
A˜L(k,H = mA) ∼ 1√
2k
1
g(a = ak)
'

a∗Hinf√
2k3/2
k
a∗mA
for h = 1
a∗Hinf√
2k3/2
k
a∗hkmA
for h = f
, (95)
where hk ≡ h(a = ak). Comparing it with the transverse solution (77), the ratio is
A˜L(k,H = mA)
A˜T (k,H = mA)
'
(
k
a∗mA
)(
k
aendHinf
)−α+4
2
(
aend
a∗
) 3w−1
2
, (96)
for α ≤ −4 and h = 1. Whether it is larger than unity or not depends on the precise value
of α and the duration of reheating period, i.e., the duration of w = 0. Practically, unless
α is very close to −4 and the reheating temperature is very low, it is likely that this ratio
is smaller than unity and hence the transverse fluctuation is dominant. On the other hand,
the ratio is evaluated as
A˜L(k,H = mA)
A˜T (k,H = mA)
' f(a = ak)
g(a = ak)
=
k
akmA
=
Hinf
mA
, (97)
for α ≥ 2 and h = f . Thus the longitudinal fluctuation is much larger than the transverse
one in this case.
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